Eurasia Journal of Science and Technology
Print ISSN: 2663-1024

Online ISSN: 2663-1016

DOI: https://doi.org/10.61784/ejst3167

BLOW-UP OF SOLUTIONS FOR FRACTIONAL
KIRCHHOFF-TYPE PARABOLIC EQUATIONS WITH
LOGARITHMIC TERM

YuXin Chen, YanZi Dong, Ning Pan®, QiZhi Zhang, SiXuan Chen, YuTong Sun, FengFei Wu
College of Science, Northeast Forestry University, Harbin 150040, Heilongjiang, China.
*Corresponding Author: Ning Pan

Abstract: This paper investigates a class of fractional Kirchhoff-type parabolic equations with a logarithmic term. By
means of the potential well theory, we construct the potential energy functional and the Nehari functional, define the
stable set and the unstable set, and derive the related lemmas. The blow-up of solutions is discussed under the
subcritical energy level and the critical energy level, respectively. Using energy identity, the Sobolev embedding
theorem, the intermediate value theorem, the method of contradiction and the convexity method, we prove that the
nontrivial weak solution blows up in finite time when the initial energy satisfies the corresponding conditions.
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1 INTRODUCTION

Kirchhoff-type equations originate from the model of elastic string vibration and describe the physical phenomenon that
the nonlocal stiffness changes with the overall deformation during the vibration of the string. Such non-local equations
break the restriction of classical partial differential equations that depend only on local point information, and can
characterize the long-range coupling effects in elastic structures and material deformation more realistically. Therefore,
they are widely applied in physics, materials science and other fields [1].

With the continuous improvement of fractional calculus theory, fractional operators, by virtue of their memory effects
and non-local features, have been widely introduced into Kirchhoff-type parabolic equations, giving rise to fractional
Kirchhoff-type parabolic equations. Compared with integer-order models, fractional models can describe many
complex diffusion behaviors that integer-order equations can hardly capture [2-4]. The logarithmic nonlinear term is a
kind of slowly growing nonlinear term whose growth rate is weaker than that of polynomial nonlinearities. It changes
the geometric structure of the energy functional and brings additional analytical difficulties to the extremum analysis of
functionals and the derivation of set invariance under the variational framework [5].

Drawing on the existing research on fractional diffusion equations, this paper considers the following fractional
Kirchhoff-type parabolic initial-boundary value problem:

u, +M([u]f)(—A)j,u+ lu P u=lul"uloglu|, xeQ,t>0
u(x,t)=0, xe R"\QQ,t>0 (D)
u(x,0) =uy(x), xeQ

where Q C R" is a bounded smooth domain

M(m)=m'H,1<ﬁ~<&,]7::£,q>plse(O,l),p>2,sp <n.
p N—sp

The following definitions are frequently used in this paper:

Potentialenergyfunctional:J(M)z—HMHi,]/i _Hqu"_quu’E__J. |u|” log|u|dx .

Nehari functional: 1 () = Il ull}; +|| ully — I |u|q10g|u|dx Lo(u) =38ll ully+ ull) - I |u | log | u|dx.

Stable set (bottom region of the well): W = {u € W~ " ( )) <d I( ) >0} v {0} .
Boundary: 0W = {u | J(u) =d or I(u) 0}, Wa—{ue (Q)|J( ( ))<d 15( )>O}u{0}.
Unstable set ¥ (region outside the well): V' = {u € W;"" (Q) | ( t)) <d I( (1 )) <0}.

(
Potentialwelldepth:d=iul’€1]f\;J(u),V5Z{MEVVOS”U( )‘J( )<d, ](5( )<0}
N ={ueWy" (Q)\{0} |1 (u)= )
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Ns={ueW,|Is(u)=0,l uly, =0} 3)
Definition of continuous embedding of Banach spaces [6]: Let X and Y be Banach spaces; we say that X is embedded
into ¥ ,written as X = Y , if X can be regarded as a subspace of ¥ , and there exists a positive constant depending only
on the spaces X and Y , such that C , || X| |y<C|| X| | X, VxeX HereCis usually called embedding constant.
Let £ be a nonnegative integer, and denote

Cy (Q) = {u € C*(Q): The set D“u is bounded above on Q, V|a|<k} , and equipped with the
, then Cj (Q) is a Banach space, and clearly C* (ﬁ) > Cy(Q)> CHQ).

norm|| /|

. =maxsup | D%u
¢ty T A Qpl

Theorem (Sobolev ‘e‘mbedding theorem) [7]: Assume thatn =1.

(1) When Q is bounded, ;' (Q) > C(Q).

(2) When Q is unbounded and is the union of finitely many open intervals, ;' (QQ) = C,(Q) := C,"(Q)..

(3) When Q is unbounded and is the union of infinitely many open intervals, W;'(Q) = C(Q) , However,
W' (©Q)> C,() may not necessarily exist.

Theorem (logarithmic slow growth theorem) [8]: For any given real numberg > 0 :

(1) When | u |—) 00 , the natural logarithm function grows slower than any positive power function,
ie,loglul=o(ul).

(2) When |u|—>0" , the logarithmic singular term grows slower than any negative power function,

ie,|loglu|=o(ul").
2 PRELIMINARY LEMMAS

In this section, we present several lemmas needed for the proofs of the subsequent theorems, investigating the
extremum properties of functionals, the characterization of sets, energy estimates, and the invariance of solutions.

Lemma 1. Letu, € W (Q) , then the following conclusions:

(M limJ (ar)=0 . lim J () =—o;
dJ (tu)
dt

* *
3)J ( tu) is strictly increasing on ©, t)and strictly decreasing on (t ,+OO>;

(2) There exists a unique? > O satisfying =0

@) When 0<t <t I (tu)>0; when! <f<+00,7(1)<0.
1 1 1 1 1

Proof. (1) Since J(tu)z—tllulfyj+—z”||ultz+—2ﬂ||ult;——qulultjlogt——ﬂj lul” log|u|dx | we
pA p q q g '

have limJ(tu)=o and lim J(tu) =—00,

10" t—>+0
(2)
1 1
@) _ oo ulliy + 677 Nl + = Hulf— e el logr— 7 llu f - I ut logu | dx
dt q 4 )
=l Nl =o' | [ log e Jdx @
=1I(z‘u)
t

By the definition of I(u),we have I(tu) = tq(l‘pﬂqu u||5yj +177| u||£ —JQ |u|* log | tu | dx).
Leth(t) ="l ull 4+l uly = [ jul log| | .

(1) = (pA - a2z +Cp—g) 17 ullz =) ule 5)
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Since q>p)t>p>0 , then p—pﬂ<0,p—q<0 , and thus for all V¢ > 0 , we have h'(t)< 0 , and
hence /1 (¢) on(0,+o0)is strictly decreasing lim /1 (l‘) =400, lim#h (l‘) =—00,
t—0" t—>+0

By the intermediate value theorem for continuous functions and the strict monotonicity, there exists a
* * 1 * *
unique t*>0 such  that J’<l‘ M)ZO ; then I(t u)=0,—*1(t u)=0=](l u) , and
t
hence 3 uniquely £ >0 satisties J (t*u) =0.
(3) From the above properties of /() , it is strictly decreasing on (0,+c0), and when O<t<t , h(t) > h([*) =0,

henceI(tu) =th (t) >0. ByJ'(l‘u) = tl*l(l‘u) > 0, we know thatJ(tu) is strictly increasing on(O,t*).
Whent>t*,h(t)</’l<f*)=o, sOI(tu) = tqh(l) <0. FromJ'(tu) = ti*I(tu) <0, we

have that J (¢u ) is strictly decreasing on (t , +00) .

(4) This follows from (3).
1

* o +&—pA
LemmaZ.Letl<p<q<pS,forall ”EWOS’p(Q)\{O},V(§):( equ p ’

Sq+6
() If] (u) <0, thenl| ull,, > r(§) ; in particular, when[(u) <0, we havell ull,, > r(l) .

@ If I;(u)=0 , then | ully, >r(5) or lull, =0 ; in particular, when I(u)=0 , we
havell ully, > (1) orll ully, =0.

3)If I, (u)=0and|| ully, ;ﬁ0,thenwhen0<5<q/p/1,wehavej(u) >0.

Proof. (1) From /; (u)<0, it is easy to obtain | u”Wo # 0, and hence | Ll||%+|| u||§ <JQ|M " log|u|dx.

lu

Using the inequalities log | u |[<——,7> 0, >0, together with the Sobolev embedding theorem, we know that there
es

&

exists 35 > 0 such that|| u||q+,s < Sl UHWU , and hence

. . 1 lullfis S+
Sl ull <8l ull Hl ulll <| Jul?loglulde<| |u|"® —de=—"2<—I ulll* (6)
Wi W b <)o 0 W
ec ec ec
1
oes oeg \a+e-pi
Since || u||W0 # 0, we have|| M”ZVZKM >Sq_e+e5 , and therefore| u||W0 > (S'HSJ = r(5).
() If|| u [[,= O , thenu = 0 , substituting into /; (u ) gives I (u) =0 ifll ully, #0and 7, (u) =0,
vl
Sllall? +ll =[] log|u]. %)
similarly, by the same argument as in (1), we obtain
1
Sae oes \ate—pi
pA q+e —
R P P = R O ®)
3)Ifi, (u) =0and|| u||W0 # 0, then substituting oll UH%+” MHS = IQ |u|? log |u| dxinto J (u) gives
1 1 1 1
() ==l 1l 0l — (Sl
pA p q q
) I 1 1 ®
{———jn ullz? +(———]n ullz + L1l
rtoq p 9 q
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I 1
From ¢ > pl >p , we obtain ———> 0 ; when § € (O,i) , we have [L_Ej >0
P q pA pA q

Since|| ull,, > r (5 ) > 0, all terms are strictly greater than 0 , and hence J (u) >0.

Lemma 3. Letu € W (Q), and define the potential well depth d (5 ) :lilgl\f/:s J (”)a
1 o
(1) d(6)2 a(5)r(6)ﬂ,wherea(5)zﬁ—g,0<5<q/p/t.

q
(2) When0 < § <1,d (&) is strictly increasing; when 1<o 37 ,d (&) is strictly decreasing, and § = 1 attains its
p

maximum at ¢ (5 ) .
Proof. (1) Iftt € Ny , then 1, (u) = 0., s0 S| ull? +I| ull? :jg lu|? log|u|dx,

and  hence J(u):(i-i]n u||%+[l—lJ|| a2+ ulle . sinee g>pA>p . it follows
P q P q q

thatJ(u)Z(ﬁ—gjn = a(S)l ull?
By Lemma 2, ully? > (), hence J (u) > a (8)r"* (8) > 0andd (5) =1L 7 (u)>0.
(2) For Vi € X\ {0}, define @(t) =J(tu1),t >0, I (tu) = 8" ull,, +¢7 1| ulf; —th9|14 ¥ log | u |dx.
Iffu € Ny, then I5(fu) =0. For each & > 0 , there exists a unique £(0; %) > Osuch that #(&;u)u € Nj.
Hence d () = Ligg J(t(d;u)u) . From the condition /5(f£) = O we obtain
Sl ully,, e+l allye? = 19| " log || (10)

q> p/t >p,.q— pﬂ >0,9—p>0,. Differentiating the implicit function in (10) with respect to & , we obtain

y) dt » 2 dt dt
el ¢+ 8l parr S plull 7! S =07 fulf S e S ol toglurlax
—(sll ully? prt?* ™ + pe? 7l ullh — gt j9|u 1 log(tu)dx — "' ullyy = ¢l ullp (12)

pALPA DD
Sl allfy 7+l ulloe

tq

Combining (10), we know that .[Qlu |q log | tu | dx = , and substituting (10) into the above

dt  (pA—)dl ullpit” ™ + (p—g)ll ullfr”™ .

expression gives — =
—t"* || ulli?

0.

1 1 1 1
We know thatJ(tM)=—fp/l|| u”{/;/f: +—£7l u||§ +—21q|| MHZ ——tqjghd " log(tu)dx, , and
pA p q q

Substituting (10) into o (t28)yields: J (1) = —=— 2 |e77 1wl +[ L= Llerull + Lgolule,
2 P q q

Now we analyze the function d(J) = illi(; J(t(S;u)u):

0
When O € (0, 1), as § increases, 7 —— decreases, but £ (8; u) increases strictly, and the £ (8) growth
p q

effect dominates, so J/| (t (8, u)u) is strictly increasing. Taking the infimum over J (tu) ,d (8) = in]\f J (l‘ (S,u)u) is
ueiNg

also strictly increasing.
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1 9

q
When 86[1,—) , as O increases, —_ — — decreases, while 1(8;1/!) still increases, but the decay effect
pA )22

1 3 i
of —— — — overpowers the growth effect, d— {ij , (L - §J 0 . Therefore, J! (f (6, M)M) decreases strictly,
pA oq pA) \pi q

and taking the infimum, d (6) = il’lj{ J (l‘ (8; u)u) is also strictly decreasing.
ueiNg

d(S) is strictly increasing on (O, 1) and strictly decreasing on (1,%) , 50 8 =1 is the unique maximizer, and
p

hence 6 = 1 attains its maximum.
Lemma 4. Lety € W7 (Q) satisfy 0 < J (u) < d , and let Oy, O, be the two roots of d (5) =J (u) . Then the sign

of I (u ) is unchanged on the interval (5,5, ) -
Proof. By contradiction, suppose that /, () changes sign on &§ € (6,,8,) . Then one can take 5 €(6,,8,) such
that /5 (u)=0.

Since Iﬁ—(u):O and ¥ # 0 , we have uENg . '.'d(5)=ian(w) , hence J(M)>d<g) . This

weNgs

contradicts J (u) =d (51 ) =d (52) <d (5 ) . Therefore, the assumption is false, and the sign remains unchanged.

Definition 5. Letu (x, ) be a weak solution of (1.1),

(1) If0 < ¢t < oo exists ony (x,t) , then 1}, =00.

(2) If there exists at, € (0,0 ) such thatu (x,7) exists on 0<t <1, but does not exist when? =fy; then L =1,.
The T; max Satisfying the above condition is called the maximal existence time of the solution.

Lemma 6. If y (t) is a local weak solution, then for all V¢ e[O,TmaX), J(u (t)) + j;” ullhdr = J(uo).

Proof. Multiplying equation (1) by ¥, and integrating over {2, we obtain

Jgufdx+|| ull? (=AY, ) + j w7 uu e~ j Jul™ ulog |u | wdx =0. (13)
d - p(2-1) s p-2 -2
Furthermore, EJ(u) =1 ulP P (=AY s,y +jQ lu | u~utdx—jg lu | ulog |u | u,dx ,

() ~u(y) |P’2 (u(x) — u(y))(ut (x) —u (y))dxd Substituting iJ (u) into
|x_y |n+sp y : dl

where (=AY, u.) = [[ .
the above equation yields %J(u (t)) +lou2dx = %J(u)+ lul=0.

Integrating ¢ over (0, ) once more, J(u(t))—J(u0)+I:|| U, (T)Hgd’[ =0we obtainJ(u (t))+j;0|| u,||§dr = J(uo).
Lemma 7. Letu, € Wy"* (Q) and satisfy the initial energy 0 < J (uo) <e<d;letd, <O,bed (5) = e the two roots
of the equation, and if at the initial time [ (uo) <0, then for VO € (51 , 52) problem (1 . 1) of the local weak
solution #( #) , on its maximal existence time 7" max , such that whenever ¢ € (0,7 max) , we always have u (l‘) els.
Proof. Since I(MO) < 0and on (51,52 ) we have d =1, by Lemma 4, for all VO € (51,52) s (“0) < 0. Moreover,
sinceJ(uO) <e< d(5), it follows thatu, € V.

We next prove that #(f)€Vs . By contradiction, in view of the time continuity of 7/ (u) , suppose
that 3¢, E(O,T) , 0o 6(51,52) , so that when 0 <7<t , u(t)eVg, , but when 1 =1, , u(to)eﬁV(;o . That
is, 15, (u(to)) =0 or J(u(to)) = d(50) . By Lemma 6, substituting { =¢, into the energy identity, we obtain

J(u(te)) = J (uty) — jo I Jde < J(uy) -

Volume 8, Issue 5, Pp 1-10, 2026
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Since initially J(120) < e, it follows that J (u(Z))) < J(u0) < €, and do € (81,02) , d(S0) > e, so J (u(t0)) < d (o).
That is, J (u (o )) # d (8, ) , which excludes the possibility of J ((t0)) = d(8o).
Therefore, if /5, (u (to )) =0, then by Lemma 2, if I (u (l‘o)) =0 we know u(t0) € Ns , and hence u(to) #0,

and || u ||£:”2 rs >0 . Moreover, by s, (u (to)) =0,u (to) € Ny , this
contradicts d (&) = inf J (), J (u(to))2d(S) . J (u(to)) <d(3).

Therefore, the assumption is false; that is, on V¢ € [0, T ax ) , we always have i (t) evls.

Lemma 8. Let uy €W ,ie., J(uo) <d, 1(“0) >0oruy=0.Ifu (l‘) is a local weak solution of problem (1), then
for any ¢ € [0, 7 max) , we always have u (t) ew.

Proof. Ifuy =0, then clearly u ( t ) = 0. The conclusion holds.

Now suppose that u#y, #0 , and J(uo) <d,I(uy)>0 . By Lemma 7, for all Vte [O,Y:nax) , we

have J ((¢)) + [ 1 u, (7)Pdz = T (o). hence J (u(£)) < J (uy) < d , and V2 €[0,T,,,.).

We now prove that for all £ €[0,7,,.) . I(u(t))>0 holds. Otherwise, there exists 3t & (0,7, ) such
that [ (u(to))SO . Since [ (u(t)) is continuous with respect to ¢ , and I(uy)>0 , there exists a
smallestt; € (0, |such that I (u (1)) =0.

If u(f,)=0 , then clearly u(#,)€W , and it cannot escape from the stable set. Therefore, it suffices to
consider u(tl);tO . In this case u(tl)eN:{uEWOS’p(Q)\{O}U(u):O} . From d:i’relng(u) , we
get J(u(t))=d . which contradicts the previous J(u(#))<d . Hence, for V¢ €[0,T,,) . we must
have 7 (u(1)) > 0 . Combining with J (u(¢)) < d . we obtainu (¢) € W .

3 FINITE-TIME BLOW-UP UNDER THE SUBCRITICAL ENERGY LEVEL

Theorem 9 (Finite-time blow-up under the subcritical energy level). Let uy, € W, , J(t4y) <0 and I(14y) <O. Then the

solution u#(f) of the equation blows up in finite time; that is, there exists a time 7 >0 such

. t
thatllmj Il u(z)ll5d 7 =400
t—>T J0

t
Proof. Define the time-integral function of the L’ norm of the solution as M )= .[o | u (r )||§dT .

We argue by contradiction and suppose that 7 = oo . Taking the first derivative of # , we have M'(¢) =l u(¢)l; > 0 ;

taking the second t second

derivative, M"(¢t)=2(u,u,) = ZIQuut =-2J"(u),u) ——2(|| ullpy: +I ully - I | log|u| dx) —21(u)

1 1 1 1 1 1
Moreover, since J () —— I (u) = (—— —]H ully: +[—— —j )+ —llult, , we have
q pr g P 9 q
1) =~ )+ PR SR Ly (14)
pA p q

Since ¢ > pA > p>2, which is bounded by —1(u) > —qJ (1) + %H u ||pf; ; substituting it into M"(¢) , we
p
2(g— pr
have M "(t) > —2qJ (u) + (q—}fj)n u ||‘;,Z” . Combining with the energy identity J (u(¢)) = J (uy) — JEH ullhdr,
p

we obtain M (1) > 24 =P e M)l +24[ 1 e ~2q0 ().
P
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Using the Sobolev embedding and the basic inequality $ <S8 +1,5>0,00>1 : there exists a constant 3 such
that C > 0 | Ll”W0 > Cl| ull,and

2(qg— ph 2(q— ph
(02 2q[ N u e+ 2Py~ 2qr(uy) + 24=22) (15)
0 Iz Iz
2C(q — ph 2(q — ph
M@= 2 N e+ 2X L2 {2y (ug)+ 2422 | (16)
° ph ph
From the above, we know that M '(¢) = || ull; ; substituting it into M "(¢) , we have
M"(t) > 2qjt|| ultdz+2CY9 =P g oy [ 2g gy + 2EG=PY). (17)
0 PA PA

t 2 t t t
By the Cauchy-Schwarz inequality, (J-o IQuu,dxdT) < (J.OH u||§dr)(jo|| u,ll%dr) =M(t)J.0|| u,||§dr

| |
substituting jot .[Q uudxdt =5M (t)_EM (0) into the above equation and multiplying both sides by 2¢q , we
obtain
! 2 q ' 2 ’ '
2qM(z)j0 Il u,lBdz > 5 (M'(1))* —gM'(0)M'(t) (18)
Multiplying both sides of (17) by M () :

‘ 2C(q— ph
M"(t)M () > 2qM(t)j0|| u lid r+ %

MM (1) - [2qJ(uo> N “t—f”}w ¢) (1)

Substituting (18) into the above equation, we obtain

M"(OM (@) —%(M’(t))z > %M@W'(z) —gll uglBM'(£) - (2qJ(u0) + %]M(z)

2qJ (uy) +——= (20)
2C(g—pr) gl ulls () PA

2 MOM'D) J28 M(t) M' (1)

Then for £ —>0 , the second and third terms on the right-hand side both tend to zero, whereas the constant
2C(qg— ph
n2Cla=rh) o
PA
Case (I): If J (149) < 0, then —2¢J (149) 2 0,

ter

MM &) -L(M' @) = 2CG =PV prom (e =g o o) — 2922 gy @1
2 J20 ph

We now prove that on £ >0 , [(u) <0 . If this conclusion were false, there would exist some #, >0 such
that I(u(f)))=0 . Then on 0<?t<?t, , we have I(u)<0 . By Lemma 2 (I), we obtain
on 0<t<ty that |l ully, >r(1) , as well as J(u(¢))>d , which contradicts the energy decay; hence,
whent >0, 1(u)<0.

From M"(t)=-21(u) , we get on ¢ >0 that M"(¢t) >0 . Therefore, M(t) is strictly convex and M '(¢) is

monotonically increasing. Fort =17, >0, M'(t) > M'(t)) and M (¢,) = JZO | ullldt >0, we have:
M(t)=M'(t)(t —to)+M(t) > M'(0)(t—1,). (22)
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Moreover, since M '(0) =]l ul , in view of formula (21), for sufficiently large ¢ , we must have

C(g— ph C(g— ph 2(g — ph

MM(t)>q|| ull;  and MM'(t)>M ; substituting into inequality (21)
P P P

yields M (£)M"(¢) —%(M'(t))z >0.

Case (I1): If0 < J(uy) < d and I (14y) < 0.

Since J (o) < d and I(14y) < 0, we have Vz > 0 for all J(u(¢)) < J(uy) < d . We next prove that I(u(¢)) <0 . If
the assumption fails, then there exists 3¢ such that (u(#'))=0 . By the definition of the potential well
depthd d = lurelr/tt; J(u), we have J (u(t")) > }lIGIVfI; J(u) = d , which contradicts J (u(¢")) < d ; hence, for V¢ > 0 , we

always have I(u(¢)) < 0.
Furthermore, there exists a positive constant77 > 0 such that —/(¢(¢)) = 17 > 0, and hence M "(t)=-21(u(t)) >0,
M'(t) = I;M"(T)df +M'(0)> 2t + M'(0) 23)
M(t) = I;M'(r)dr+M(0)2nt2+|| uoll2t + M (0) (24)

When ¢ — +00 , we must have M'(¢), M (t) — +o0 . By

2 (uy) + 2P

" q ’ 2 ' 2C(q —py\,) qHuO”g p?\‘
M"OM () -L(M'(0))* = M(@)M'(¢) , (25)
2 pA M(%) M (¥
By &}—\p?») > 0 and M (t) — +o0, M'(t) — +00, there exists a sufficiently large £, > Osuch that
p
M"(OM () —%(M’(t))z >0. 26)
_4q
Define W(6)=M(r) 2 : and

E)M(tfZ [M(t)M"(t) —g (M’(t))z] <0.

That is, y'(¢) is monotonically decreasing and negative, so ¥'(¢) < ¥'(¢,) = —c < 0 holds for all # > £, . Integrating the

by M(H)M'(¢) —% (M ’(t))2 >0,)'()= (1 4

above relation yields y'(£) < y'(¢y) =—c(t—ty) , whose right-hand side must drop to zero at some finite

()
C

time 1 =t,+ ; since y(¢)=>0 , it can only happen that when ¢t—>7 , M(t) >+o ,

. T 2 .
1.e.,J.0 I u0||2dt = +00 diverges.

4 FINITE-TIME BLOW-UP UNDER THE CRITICAL ENERGY LEVEL

Theorem 10 (Finite-time blow-up under the critical energy level). Let J(uy)=d u, € Wy (Q) , initial

energy J (t4y) = d and I (¢y) < 0. Then any nontrivial weak solution of the corresponding equation necessarily blows
up in finite time.
Proof. We argue by contradiction and assume that the solution exists globally, i.e., the maximal existence time T = o0 .

t
Define the auxiliary function M (¢) = .[o | u(r)||§dr ; by Theorem 9 and J (1)) = d , we obtain

2C(g —pM)
PA

M@OM'(2) —%(M 0= M@OM'(t) —qlu JJBM () - M (t) qud + 2(qp——xp7»)j 27)
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Since at the initial time J(uy)=d >0 and [I(1y)<0 , by the continuity of the solution
map ¢ > J(u(t)), t — I(u(t)) , there must exist a sufficiently small time # >0 such that on 0 <7<t , we
have J(u(¢)) >0 and I(u(¢)) <0 . Because on [0,7] , I(u(t)) <0, we have qutdx =—I(u) >0, and hence

Q
4
foru, £0,0n[0,7], we have_[” ulbdz >0.
0
Using the energy identity, we compute energy at time #; as
() =J o)~ [l ulbdr =d " wlBdr <d | (28)

Treating f =1, as the initial value we then have J(u(#;)) <d , which reduces to the subcritical case. Hence, we
obtain 30 €(9,,0,) , t, <t <oo, and u(t) € Vs , where (0;,0,) is the maximal interval on which & =1 holds
when d(0)>d, . Therefore, on 6 €(1,0,) , t;, <t <o, we have I5(u) <0 and I ””Wo >r(0) ; moreover,

ont; <t <o, we have I, () <0, ully, >r(5,), and hence

M"(£) = =21 (u(t)) > 2(8, — DIl ulls: > 2(8, —1)r**(8,) = C(8,) > 0,V > 1, (29)
and
M't) 2 C()t-t)+M'(1), t=t (30)
and also
M@= %C(a; N — 1) + M) —t)+ M), 21 G

Therefore, whent — 400 , we have 1 '(¢) — o0 and u(t) — .
From the inequality
2Na —
L 2qd+ (g—p»)
2C(qg —pr) qllu,ls PA
PA M(1) M9

MM (2) —%(M’(t))z > M()M'(¢) (32)

When ¢ is sufficiently large, the denominator M (¢) and M '(¢) — 400, so the last two terms tend to zero. Moreover,
2C(g = p1)

, > () is a positive constant, there exists a sufficiently large time 7 > £, such that for all > T , the
p

since

right-hand side of the inequality is strictly greater than 0 : M ()M "(¢) —%(M '(t))2 > 0.

Define the auxiliary function

W =)' (33)
Y'(0) = [1 —gj (M) {M(r)M”(r) —%(M'(r))ﬂ (34)

Since ¢ > pA > 2, it follows that 1 —% <0, and hence fort > Ty, y"(¢) < 0 holds.

Since y(¢) >0 and it is strictly convex, there exists 7 <00 such that lim y(£) =0 , i.e., imM(f)=+o0 . This
t->T t—>T
contradicts the assumption, and the proof is complete.

5 CONCLUSION

In this paper, for a class of fractional Kirchhoff-type parabolic equations with a logarithmic nonlinear term, we employ
the potential well method to construct the potential energy functional and the Nehari functional, and establish the
related lemmas that characterize the stable set, the unstable set and the invariance of solution orbits. Finally, we prove
that, under the subcritical and the critical initial energy levels respectively, when the initial data fall into the unstable set,
the weak solutions blow up in finite time.
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